In cases where directional data, such as palaeomagnetic directions, lie nearly along a great circle, a good approximation to the maximum likelihood estimate of the intermediate concentration parameter kz in the Bingham probability distribution is given by:
Introduction
Bingham statistics (Bingham 1974) have recently been applied to palaeomagnetic data sets because they offer advantages over Fisher's (1 953) distribution in certain cases. First, they are applicable to great circle (equatorial or 'girdle') distributions of points, such as arise with poles to demagnetization planes or remagnetization circles (Halls 1976 (Halls , 1978 Kirschvink 1980) . Second, because Bingham's distribution has antipodal symmetry it is directly applicable to data sets containing both normal and reversed polarity (Onstott 1980) . Finally, because Bingham statistics do not presuppose circular symmetry about the mean, they offer a convenient test of whether palaeomagnetic data are symmetrically distributed (Gillett, Hover & Papike 1982) . If they are not, because, for example, the distribution is skewed by unremoved secondary components of magnetization, modal analysis (Van Alstine 1980) may be more appropriate.
The Bingham distribution has the form (e.g. Mardia 1972, p. 235) :
(1) where k l Q k z G 0 are concentration parameters, @I, 0 are the azimuthal and polar angles, respectively, and
is a normalizing constant. For Ikl 1 and Ik2 I large, the distribution is bipolar; if they are also equal, the distribution is symmetric about the mean axis. If Ikl I is large and ik2 I small, the distribution is equatorial; if k2 is zero, points are evenly distributed along the great circle. Equation (2) does not integrate usefully to a closed form. Indeed, this mathematical intractability has been one of the major hindrances to wider use of Bingham statistics, because the maximum likelihood estimates (MLEs) of k l , k2 are the solutions of
(e.g. Mardia 1972, p. 256) . HereNis the number of samples, and t l and t2 are the minimum and intermediate eigenvalues, respectively, of the 'moment of inertia' matrix:
The xi, yi, zi are the direction cosines of the ith direction in the observed distribution, and the summations are over all observations. Onstott (1 980) proposed iterative numerical integration t o solve equations (3). For routine work, however, a need for extensive computation is obviated by tabulating k l and k2 as functions of the normalized eigenvalues and F2 and interpolating. Mardia & Zemroch (1977) 
they did not discuss estimation of k2 where t l is small but t2 is moderate, so that Ikl I is large but Ik2 I is not. Such data sets are highly concentrated in one dimension but significantly elongate perpendicular to it. In the author's experience, as in the examples in the conclusion, such data sets occur commonly, especially with virtual geomagnetic pole (VGP) data and with poles to demagnetization planes. Geometrically it is obvious that as t l goes to 0 (and k l + --) the distribution becomes more and more concentrated along a great circle. Hence, k l = --OO corresponds to restriction of all points to a great circle, and thus to reduction of the distribution to two dimensions. This also accords with the interpretation of the ti as principal moments of inertia; t1 = 0 indicates that no concentration occurs in that direction, so that the dimension of the distribution is reduced by one. Intuitively we also expect that kz then becomes a concentration parameter describing the distribution of the points on this circle. Bingham (1974) further showed that if the sum $(kl + k 2 ) -+ --m while t ( k 1 -k z ) remains bounded, the distributions of the angular coordinates are asymptotically independent with the limiting distribution:
(6) However, (6) does not lead directly to an expression for the limit of k2 as k l -+ -00, although it indicates the form of the limiting distribution for the azimuthal angle.
An expression for k2 in the limit as kl -+ -00 would allow interpolation in the region where t1 is small. This would be especially useful since numerical calculation of (3) is impractical for tl very small because k l is changing very rapidly and great numerical instability therefore results.
The twodimensional case To find this limit, the fact that k l = -00 corresponds to reduction to the two-dimensional (2-D) case suggests treating the 2-D case directly. Therefore we set up a 2-D analogue of Bingham's distribution:
where k G 0 is a concentration parameter. The normalizing constant is given by:
where Zo is the zero-order modified Bessel function of the first kind (e.g. Abramowitz & Stegun 1965, p. 376) .
Setting up the equation for the MLE of k in parallel with the 3-D case (e.g. Mardia 1972, p. 255), we find an analogous expression to (3):
where t l is the smaller of the two eigenvalues of the 2-D analogue of matrix Tin equation (4). Equation (9) further reduces to:
where II is the first-order modified Bessel function of the first kind.
(1 965, p. 378) give readily programmed series expansions for Zo and Zl (7) is equivalent to:
Equation (10) is easily solved numerically with a small computer. Abramowitz & Stegun As noted by Mardia (1975) and Mardia, Kent & Birby (1979, p. 434), the distribution in
where is a concentration parameter. Note that (1 1) has the same form as the limiting distribution for the azimuthal angle in (6).
The distribution in (1 1) is called the bimodal distribution of Von Mises type, because it can be transformed into a Von Mises probability distribution merely by substituting 8 = 20 (e.g. Mardia 1972, p. 169). The Von Mises distribution, which is unimodal, is the 2-D analogue of Fisher's (1 953) distribution on the sphere.
The MLE of the concentration parameter of a Von Mises distribution is given by an equation similar to (10):
where R is the magnitude of the vector resulting from summing the N observations (e.g. Mardip, 1972, p. 122) . Solutions of (13) have been tabulated (e.g. Mardia 1972, p. 298 ) and can alternatively be used to solve (10).
Indeed, (1 0) and (1 3 ) are not merely similar but equivalent. Comparing ( 10) and (1 3) and using (1 2), we see that:
( 1 5 ) where Equation (14) may be readily verified by expanding (15) and comparing with the explicit solution for rl .
In the 2-D case, it is interesting that the distribution ( l l ) , with cosine-squared dependence, can be transformed into the Von Mises distribution, which has cosine dependence. Hence, statistical inference using the moment of inertia matrix T proves to be a special case of inference using the magnitude of the resultant vector R. As noted by Mardia er al. (1979, p. 4 3 9 , no such simple equivalence obtains in three or more dimensions.
Relation to the 3-D case
We expect that the concentration parameter given by (10) corresponds to the limit of k2 as k l + -m in the Bingham distribution. We now verify this by showing that equation (3) (1 8) asymptotically as x -+ (e.g. Abramowitz & Stegun 1965, p. 377) . Since Zo is an even function whereas I l is an odd function, we may use (1 8) for x < 0 provided that the absolute value of the argument is used and the appropriate sign taken for the expression itself.
Upon substituting (1 8) into (1 7), we find:
-[ 2 exp(kz sin2 e ) sin' e -2r2 exp(kz sin' e)] de = 0 , from which (10) indeed follows by integration and rearrangement. It is noteworthy that the kl dependence vanishes merely upon substituting the asymptotic expression (18). This is to be expected because of the asymptotic independence of the ki as one or both becomes very large. Similarly, upon substituting (1 8) into (1 6) the left side of (1 6) vanishes identically.
Numerical results and conclusions
We expect that the asymptotic k z values from (10) for t 1 = 0 will be useful approximations for small tl . We now investigate this utility numerically. Table 1 shows the values of (10) compared with the exact values of k 2 for 7, = 0.02 and 0.04. As can be seen, (10) alone provides a useful estimate of k 2 ; within a few per cent, when Fl < 0.02, for k2 up to about -1 (F2 -0.36). Moreover, the change of k z for increasing t l (Mardia & Zemroch 1977) suggests that interpolation is adequately accurate for routine applications. The approximation is least useful where k2 > -1, but even here it looks as though linear interpolation is adequate. However, when Ik2 1 is small the normalized eigenvalues tz and t3
are both large and approximately equal, such that the distribution is nearly a symmetric girdle. Hence, for small Ik2 I the approximation based on the circularly symmetric case of the Bingham distribution (Mardia 1972, p. 278 ) may be more convenient.
To conclude with some numerical examples: The VGPs from 14 samples of the Late Cambrian-Early Ordovician Notch Peak Formation in western Utah have an elongate distribution with normalized eigenvalues of 0.00829, 0.05580, and 0.9359 (S. L. Gillett, unpublished data) . The estimated MLE of k l from the asymptotic relation (5) is -60.3; the estimated MLE of k2 from the asymptotic relation (10) is -9.59. The exact values, calculated by Onstott's (1980) numerical integration algorithm, are -61.05 and -9.59, respectively. The approximate values, especially the one for k 2 , are obviously extremely good. Test statistics for circular symmetry (Mardia 1972, pp. 277-278) calculated from the exact values indicate that the distribution is indeed significantly elongate at > 1 per cent confidence, and this conclusion also follows from the approximate values. Similarly, nine samples from the partly coeval St Charles Formation in the Bear River Range, northern Utah (S. L. Gillett, unpublished data; Gillett and Taylor 1986) have VGPs with normalized eigenvalues of 0.014, 0.714 and 0.9246. The estimated values of k , and k2 are -35.71 and -7.69, respectively; the exact values are -36.19 and -7.70. Again, the estimates, especially for k 2 , are excellent; moreover, this data set is also not circularly symmetric. The lack of circular symmetry in these examples underscores the hazards in indiscriminate application of Fisher statistics to VGP data.
